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PROBLEMS

Problem 1. As a monkey was carrying three coconuts to the top of a multistory building,
one of the nuts fell to the ground from the 16th floor and crashed. The monkey decided
to determine the lowest floor (from the first to 16th) for the nut to crash when dropped
to the ground. The monkey still has two coconuts. Any of those two can be dropped
from any of the floors, and then picked up and used again for a new trial if it did not
crash. Is it true that at most five trials are enough for the monkey to determine the
lowest floor from which a coconut crashes?

Problem 2. Let n > m be positive integers. Suppose that a complex number z,, with
|z0] = 1, is a root of the polynomial 2" — 2™ 4 1. Prove that zj is a root of unity, i.e.,
there exists a positive integer N such that z)¥ = 1.

Problem 3. Find all functions f : (0,+00) — (0, +00) satisfying
f2 (@) = flz+y)(f(z) +y)

for all =,y > 0.

Problem 4. Do there exist positive integers a; < as < ... < ajo; such that
ajag...adijp1 = Z lcm(ai, CL]‘),
1<i<j<101

where lem(a, b) stands for the least common multiple of positive integers a and b?

Each problem is worth 10 points.
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PROBLEMS WITH SOLUTIONS

Problem 1. As a monkey was carrying three coconuts to the top of a multistory building,
one of the nuts fell to the ground from the 16th floor and crashed. The monkey decided
to determine the lowest floor (from the first to 16th) for the nut to crash when dropped
to the ground. The monkey still has two coconuts. Any of those two can be dropped
from any of the floors, and then picked up and used again for a new trial if it did not
crash. Is it true that at most five trials are enough for the monkey to determine the

lowest floor from which a coconut crashes?

Answer: Yes.

Solution. We will present a strategy showing that five trials are enough. The monkey
starts the first trial from the 5th floor with one of the nuts. If the coconut did crash,
then with the only remaining nut it does consequently from the first, the second, the
third and the fourth floor (if necessary) until the second nut will crash. If it will not,
then the lowest floor is 5th, so at most five trials are enough in that case. Assume that
after the first trial (from the 5th floor) the coconut is unbroken. Then, the second trial
is to drop the same nut from the 9th floor. If the nut is crashed, then it drops the second
nut from the 6th, 7th, and then 8th floor (if necessary). Again at most five trials are
enough. If after the second trial (from the 9th floor) the nut is still unbroken, then the
third trial is to drop it from the 12th floor. If crashed, then the monkey uses the second
nut from the 10th and 11th floors (if necessary), so five trials are enough. If unbroken,
then the fourth trial is to drop the same nut from the 14th floor. Then, in the final fifth
trial it drops the second nut from the 13th floor (if the previous crashed) or from the
15th floor (if not). O

Problem 2. Let n > m be positive integers. Suppose that a complex number zy, with
|20| = 1, is a root of the polynomial 2" — z™ + 1. Prove that z; is a root of unity, i.e.,
there exists a positive integer N such that z}¥ = 1.

Solution. Assume that a complex number 2y, with |z| = 1, is a root of the polynomial
2" — 2™ 4+ 1. Then, zf — 2" +1 = 0. Setting X = —z7 and ¥ = zJ' we obtain

| X|=|Y|=1and X +Y = 1. Note that, for any complex number «a satisfying |a| = 1,

1

we have 1 = |a|? = aa, and hence @ = a~!. Therefore,

X+Y 1 1

1=X4+Y=X4Y=X+4Y=X'4+y'= - .
* - - * Xy Xy g

By squaring this equality we get 20" " = 1, which gives the desired conclusion with

N =2m + 2n. O



Problem 3. Find all functions f : (0,4+00) — (0, +00) satisfying
f2(x) = flz +y)(f(z) +y)
for all z,y > 0.
Answer: There are no such functions.

Solution. Assume that f is such a function. Then, for any z,y > 0 we have

fAla) _ yfl@) 1
f@)+y  f@)+y S+ 55

so f is decreasing. Fix z > 0 and choose n € N so large that nf(x 4+ 1) > 1. Inserting

f@) = fle+y) = flz) -

> 0,

into the above formula z+ k/n, with k in the range 0 < k < n, in place of x and y = 1/n,
and using f(z + k/n) > f(x + 1) we find that
1 1 1 1

flz+k/n)— flz+(k+1)/n) > — > — > =_—.

Adding n such formulas for k = 0,1,...,n—1 gives f(x)— f(x+1) > 1/2. Fix an integer
m > f(x). Adding 2m formulas f(z +j) — f(x+7+1) > 1/2for j =0,1,...,2m —1
we derive f(z) — f(x 4+ 2m) = 2m - (1/2) = m, so f(x +2m) < f(z) —m < 0, which is
impossible. O

Problem 4. Do there exist positive integers a; < as < ... < ajo; such that
ajy . ..a101 — Z lcm(ai, CLj),
1<i<5<101

where lem(a, b) stands for the least common multiple of positive integers a and b?

Answer: Yes.

Solution. We will give an explicit example for which the required equality holds. Select
a1 =ag = ++- = agg = 1 and agg = 2. Assume that a1g9 = ¢ > 1 and a19; = b > a are two
coprime odd integers which we choose later. Then, aias...a;01 = 2ab. Furthermore,
lem(a;,a;) = 1 for 1 < i < j < 98 (there are (%) = 49 - 97 of such pairs (i,5)),
lem(a;, agg) = 2 for 1 < i < 98 (there are 98 of such indices ), lem(a;, a100) = a for
1 <4 < 98 (there are 98 of such indices 7), lem(a;, a101) = b for 1 < 7 < 98 (there are 98
of such indices ), and also lem(agg, a100) = 2a, lem(agg, a101) = 2b, lem(aygo, a101) = ab.

Thus, equality of the problem holds if
2ab=49-97-14+98-2498-a+98 - b+ 2a + 2b + ab = 4949 + 100a + 1006 + ab.
This is equivalent to

(a —100)(b — 100) = 100% 4 4949 = 14949 = 99 - 151.
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Select, for instance, a = 100 + 99 = 199 and b = 100 + 151 = 251. Then, the above
equality clearly holds. Furthermore, since 199 is a prime number, a = 199 and b = 251 are
two coprime odd integers satisfying 1 < a < b. This gives one of possible examples. [



