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Problem 1. Find the smallest positive integer k with the following property: there exist

five distinct integers m1,m2,m3,m4,m5 such that the polynomial

P (x) = (x−m1)(x−m2)(x−m3)(x−m4)(x−m5)

has exactly k nonzero coefficients.

Problem 2. Let S be the set of all positive integers that can be written as

1

a1
+

2

a2
+ · · ·+ 10

a10
,

where a1, a2, . . . , a10 are (not necessarily distinct) positive integers.

(i) Prove that 1 ∈ S.

(ii) Prove that 12 ∈ S.

(iii) Find the largest element of S.

(iv) Find the set S.

Problem 3. Show that for each a > 0 the integral∫ π/2

0

(cosx)a

(sinx)a + (cosx)a
dx

is convergent and find its value.

Problem 4. Let A and B be 2 × 2 matrices with integer entries such that A, A + B,

A + 2B, A + 3B, and A + 4B are all invertible matrices whose inverses have integer

entries. Show that for each t ∈ Z the matrix A + tB is invertible and that its inverse

has integer entries.

Each problem is worth 10 points.


